This paper introduces a methodology for the synthesis of nonlinear finite-dimensional output feedback controllers for systems of quasi-linear parabolic partial Ž . differential equations PDEs , for which the eigenspectrum of the spatial differential operator can be partitioned into a finite-dimensional slow one and an infinitedimensional stable fast complement. Combination of Galerkin's method with a novel procedure for the construction of approximate inertial manifolds for the Ž . PDE system is employed for the derivation of ordinary differential equation ODE Ž . systems whose dimension is equal to the number of slow modes that yield solutions which are close, up to a desired accuracy, to the ones of the PDE system, for almost all times. These ODE systems are used as the basis for the synthesis of nonlinear output feedback controllers that guarantee stability and enforce the output of the closed-loop system to follow up to a desired accuracy, a prespecified response for almost all times. ᮊ 1997 Academic Press
INTRODUCTION
Parabolic PDE systems arise naturally as models of diffusion-convecw x tion-reaction processes 16 and typically involve spatial differential operators whose eigenspectrum can be partitioned into a finite-dimensional slow w x one and an infinite-dimensional stable fast complement 11, 1 . This implies that the dynamic behavior of such systems can be approximately described by finite-dimensional systems. Motivated by this, the standard approach to the control of parabolic PDEs involves the application of Galerkin's method to the PDE system to derive ODE systems that de-Ž . scribe the dynamics of the dominant slow modes of the PDE system, which are subsequently used as the basis for the synthesis of finite-dimen-w x sional controllers 1, 16 . However, there are two key controller implementation and closed-loop performance problems associated with this approach. First, the number of modes that should be retained to derive an ODE system that yields the desired degree of approximation may be very w x large, leading to high dimensionality of the resulting controllers 12 . Second, there is a lack of a systematic way to characterize the discrepancy between the solutions of the PDE system and the approximate ODE system in finite time, which is essential for characterizing the transient performance of the closed-loop PDE system.
A natural framework to address the problem of deriving low-dimensional ODE systems that accurately reproduce the solutions of dissipative Ž . Ž w x PDEs is based on the concept of inertial manifold IM see 18 and the . references therein . An IM is a positively invariant, finite-dimensional Lipschitz manifold, which attracts every trajectory exponentially. If an IM exists, the dynamics of the parabolic PDE system restricted on the inertial manifold is described by a set of ODEs called the inertial form. Hence, stability and bifurcation studies of the infinite-dimensional PDE system can be readily performed on the basis of the finite-dimensional inertial w x form 18 . However, the explicit derivation of the inertial form requires the computation of the analytic form of the IM. Unfortunately, IMs have been Ž proven to exist only for certain classes of PDEs for example, the Kuw x. ramoto᎐Sivashinsky equation and some diffusion-reaction equations 18 , and even then it is almost impossible to derive their analytic form. In order to overcome the problems associated with the existence and construction Ž . of IMs, the concept of approximate inertial manifold AIM has been w x introduced 9, 10 and used for the derivation of ODE systems whose dynamic behavior approximates the one of the inertial form.
In the area of control of nonlinear parabolic PDE systems, few papers have appeared in the literature dealing with the application of IM for the w x synthesis of finite-dimensional controllers. In particular, in 17 the problem of stabilization of a parabolic PDE with boundary finite-dimensional feedback was studied; a standard observer-based controller augmented w x with a residual mode filter 3 was used to induce an inertial manifold in the closed-loop system, and thus reduce the stabilization problem for the PDE system to a stabilization problem for the finite-dimensional inertial w x form. In 5 , the theory of inertial manifolds was utilized to determine the extent to which linear boundary proportional control influences the dynamic and steady-state response of the closed-loop system.
In this paper, we introduce a methodology for the synthesis of nonlinear finite-dimensional output feedback controllers for systems of quasi-linear parabolic PDEs. Singular perturbation methods are initially employed to establish that the discrepancy between the solutions of an ODE system of dimension equal to the number of slow modes, obtained through Galerkin's method, and the PDE system is proportional to the degree of separation of the fast and slow modes of the spatial operator. Then, a procedure, motivated by the theory of singular perturbations, is proposed for the construction of AIMs for the PDE system. The AIMs are used for the derivation of ODE systems of dimension equal to the number of slow modes, that yield solutions which are close, up to a desired accuracy, to the ones of the PDE system, for almost all times. These ODE systems are used as the basis for the synthesis of nonlinear output feedback controllers that guarantee stability and enforce the output of the closed-loop system to follow up to a desired accuracy, a prespecified response for almost all times.
PRELIMINARIES
We consider quasi-linear parabolic PDE systems of the form tion between slow and fast eigenvalues of A A is large. The assumption of the finite number of unstable eigenvalues is always satisfied for parabolic w x PDEs 11 , while the existence of only a few dominant modes that capture the dominant dynamics of a parabolic PDE system is well-established for Ž the majority of diffusion-convection-reaction processes see, for example, w x the applications in the book 16 , and the packed-bed reactor example w x. studied in 8 . Ž . that x s P x, x s P x, the state x of the system of Eq. 8 can be
Ž . Applying P and P to the system of Eq. 8 and using the above s f Ž . decomposition for x, the system of Eq. 8 can be equivalently written in the form Neglecting the fast modes, the following finite-dimensional system is derived,
where the subscript s in y denotes that the output is associated with the s slow system. The above system can be directly used for controller design w x employing standard control methods for ODEs 1, 16, 7 .
Remark 1. We note that the large separation of slow and fast modes of the spatial operator in parabolic PDEs ensures that a controller which exponentially stabilizes the closed-loop ODE system, also stabilizes the w x closed-loop infinite-dimensional system 1 . This is in contrast to the application of this approach to hyperbolic PDEs where the eigenmodes cluster along nearly vertical asymptotes in the complex plane and thus, the controller has to be modified to compensate for the destabilizing effect of w x the residual modes 3 .
ACCURACY OF ODE SYSTEM OBTAINED FROM GALERKIN'S METHOD
In this section, we use singular perturbation methods to establish that if Ž . the finite-dimensional system of Eq. 15 is exponentially stable, then the Ž . system of Eq. 14 is also exponentially stable and the discrepancy between Ž . the solution of the x -subsystem of the system of Eq. 14 and the solution s Ž . of the system of Eq. 15 is proportional to the spectral separation of the slow and fast eigenvalues.
, the system of Eq. 14 can be written
in the form
Ѩt where A A is an unbounded differential operator defined as A A s ⑀ A A . Ž . rates which are of the same order of magnitude, the system of Eq. 16 is in the standard singularly perturbed form, with x being the slow states s and x being the fast states.
f Introducing the fast time-scale s tr⑀ and setting ⑀ s 0, we obtain the Ž . following infinite-dimensional fast subsystem from the system of Eq. 16 : Remark 2. The counterpart of the result of Proposition 1 in finite-di-Ž w x. mensional spaces is well known Tikhonov's theorem 19 , while a similar w x result has also been established for linear infinite-dimensional systems 2 . The main technical difference in establishing this result between linear and quasi-linear infinite-dimensional systems is that, for quasi-linear systems the proof is based on Lyapunov arguments, while for linear systems the proof is obtained using combination of estimates of the states, obw x tained from the application of variations of constants formula 2 . This is a consequence of the fact that for quasi-linear systems it is not possible to Ž . derive a coordinate change that transforms the system of Eq. 16 into a cascaded interconnection where the fast modes are decoupled from the slow modes, which allows us to derive an exponentially decaying estimate, for sufficiently small ⑀ , for the fast state, which is independent of the one of the slow state, and thus to prove the result through a direct combination of these estimates.
Remark 3. We note that it is possible, using standard results from center manifold theory for infinite-dimensional systems of the form of Eq. Ž . w x Ž . 8 6 , to show that if the system of Eq. 19 is asymptotically stable, then Ž . the system of Eq. 8 is also asymptotically stable and the discrepancy Ž . between the solution of the system of Eq. 19 and the x -subsystem of the s Ž . system of Eq. 16 is asymptotically as t ª ϱ proportional to ⑀. Although this result is important because it allows establishing asymptotic stability of the closed-loop infinite-dimensional system by performing a stability analysis on a low-order finite-dimensional system, it does not provide any information about the discrepancy between the solutions of these two systems for finite t.
CONSTRUCTION OF ODE SYSTEMS OF DESIRED ACCURACY VIA AIMs
In this section, we propose an approach originating from the theory of inertial manifolds for the construction of ODE systems of dimension m Ž Ž. . which yield solutions that are arbitrarily close closer than O ⑀ to the Ž . ones of the infinite-dimensional system of Eq. 8 , for almost all times. An Ž . inertial manifold M M for the system of Eq. 8 is a subset of H H, which w x Ž . satisfies the following properties 18 :
f s Ž . and iii M M attracts every trajectory exponentially. The evolution of the Ž . state x on M M is given by Eq. 22 , while the evolution of the state x is f s governed by the finite-dimensional inertial form will impose a stability requirement on the system of Eq. 26 .
Ž .
Ž . Assumption 3. The finite-dimensional system of Eq. 26 with u t ' 0 Ž . is exponentially stable, i.e., there exist positive real numbers K , a , a , < < with a ) K G 1 such that for all x g H H that satisfy x F a , the 4 the definition of order of magnitude, we finally obtain the following Ž . Ž . 5 Ž . Ž .5 characterization for the discrepancy between x t and x t : x t y x t˜2 Fk⑀ k q 1 for t G t , where k is a positive real number. 
The corresponding open-loop approximate inertial form does utilize information about the structure of the fast subsystem, and thus allows us to Ž 2 . obtain solutions which are O ⑀ close to the solutions of the open-loop Ž . Ž . system of Eq. 8 Proposition 2 .
Remark 6. The standard approach followed in the literature for the Ž . Ž . construction of AIMs for systems of the form of Eq. 14 with u t ' 0 Ž w x. see, for example, 4 is to directly set Ѩ x rѨ t ' 0, solve the resulting f algebraic equations for x , and substitute the solution for x to the f f Ž . x -subsystem of Eq. 14 , to derive the ODE system
It is straightforward to show that the slow system of Eq. 30 is identical to Ž 2 . Ž . the one obtained by using the O ⑀ approximation for ⌺ x, 0, ⑀ for the construction of the approximate inertial form.
Remark 7. The expansion of u in a power series in ⑀ is motivated by our intention to modify the synthesis of the feedback controller appropri-Ž kq 1 . ately such that the discrepancy between the output of the O ⑀ approximation of the closed-loop inertial form and the output of the Ž kq 1 . Ž closed-loop PDE system will be of O ⑀ for almost all times see also . Remark 8 .
FINITE-DIMENSIONAL CONTROL
In this section, we use the result of Proposition 2 to establish that a nonlinear finite-dimensional output feedback controller, that guarantees Ž . stability and enforces output tracking in the ODE system of Eq. 26 , exponentially stabilizes the closed-loop PDE system and ensures that the discrepancy between the output of the closed-loop ODE system and the Ž kq 1 . output of the closed-loop PDE system is of O ⑀ , provided that ⑀ is sufficiently small.
The finite-dimensional output feedback controller which achieves the Ž . desired objectives for the system of Eq. 26 is constructed through a standard combination of a state feedback controller with a state observer. In particular, we consider a state feedback control law of the general form lowing m-dimensional state observer is also considered for the implemen-Ž . tation of the state feedback law of Eq. 31 ,
where g H H denotes the observer state vector and L is a matrix chosen s Ž . w so that the eigenvalues of the matrix 
Ž . Ž . 
CONCLUSIONS
In this work, we developed a methodology for the synthesis of nonlinear finite-dimensional output feedback controllers for systems of quasi-linear parabolic PDEs, for which the eigenspectrum of the spatial differential operator can be partitioned into a finite-dimensional slow one and an infinite-dimensional stable fast complement. Combination of Galerkin's method with a novel procedure for the construction of AIMs was used, for the derivation of ODE systems of dimension equal to the number of slow modes, that yield solutions which are close, up to a desired accuracy, to the ones of the PDE system, for almost all times. These ODE systems were used as the basis for the synthesis of nonlinear output feedback controllers that guarantee stability and enforce the output of the closed-loop system to follow up to a desired accuracy, a prespecified response for almost all times.
APPENDIX
Proof of Proposition 1. The proof of the proposition will be obtained in Ž . two steps. In the first step, we will show that the system of Eq. 16 is exponentially stable, provided that the initial conditions and ⑀ are sufficiently small. In the second step, we will use the exponential stability Ž . property to prove closeness of solutions Eq. 21 .
Ž .
Ž . Exponential Stability. First, the system of Eq. 16 with u t ' 0 can be equivalently written as ing the time-derivative of L along the trajectories of this system, and using Ž . Ž . Ž . the bounds of Eq. 37 and Eq. 38 and the estimates of Eq. 36 , the following expressions can be easily obtained: 
